Abstract. We present an exact treatment of the hysteresis behavior of the zero-temperature random-field Ising model on a Bethe lattice when it is driven by an external field and evolved according to a 2-spin-flip dynamics. We focus on lattice connectivities z = 2 (the one-dimensional chain) and z = 3. For the latter case, we demonstrate the existence of an out-of-equilibrium phase transition, in contrast with the situation found with the standard 1-spin-flip dynamics. We discuss the influence of the degree of cooperativity of the (local) spin dynamics of the nonequilibrium response on the system. 
Introduction
The nonequilibrium response of the random field Ising model (RFIM) at zero temperature to a smoothly changing external magnetic field has been introduced by Sethna et al. [1, 2] to describe the hysteresis behavior of low-temperature magnets, in particular the property of "return-point memory" and the power-law scaling characteristic of the "Barkhausen noise" [3] . In such a description, the competition between the quenched disorder and the ferromagnetic interactions induces a very large number of local energy minima in which the system gets trapped. In the zero-temperature dynamics, no escape by thermal activation is possible and evolution only results from changes in the driving field. Instead of wandering to find energetically more favorable states, the system then goes to the closest minimum made accessible by the field change. The state of the system is history-dependent and the evolution proceeds by "avalanches", i.e., jumps from one minimum to another. An extensive investigation of this zero-temperature hysteretic behavior of the RFIM has been carried out by several authors (for a recent review, see [4] ). It has been shown that the model displays an out-of-equilibrium critical point, with its associated scaling and universality properties. The critical point separates a strong-disorder regime in which the magnetization curve and the corresponding hysteresis loop is smooth on a e-mail: xit@ecm.ub.es the macroscopic scale and a weak-disorder regime in which it shows a discontinuous jump at a nonzero value of the external field.
Real materials, however, are not at zero temperature. Application of the above picture requires a separation of time scales: the time for "local equilibration", namely the duration of the avalanche that follows a change in the applied field, must be much shorter than the experimental time scale, set by the rate of change of the applied field, which itself must be much less than the characteristic lifetime of the relevant metastable states in which the system is trapped. The extreme limit of the former condition is the "adiabatic" case in which the rate of change of the external field goes to zero. The extreme limit of the latter condition corresponds to the zero-temperature (T = 0) dynamics in which no thermally activated escape takes place. The effect of a finite rate has been fairly extensively studied [5, 6] ; that of a finite temperature is a tougher issue.
To study the robustness of the scenario found for the T = 0 RFIM with the standard single-spin-flip dynamics, it has been proposed to consider the nonequilibrium response of the RFIM still at T = 0, but with dynamics involving possible cooperative flips of several spins [7] . In such dynamics, the system can effectively overcome energy barriers that would block it in a one-spin-flip dynamics. Even if thermally activated processes are absent, the metastable states visited by the system when the applied field is ramped up or down are a priori different from The European Physical Journal B those reached in the one-spin-flip dynamics. A simulation of the T = 0 RFIM with 2-spin-flip dynamics on a cubic lattice showed that the change of dynamics yields a significant reduction of the width of the hysteresis loop (or, in magnetic language, of the coercivity), but that the out-ofequilibrium critical behavior is still present and appears, within statistical uncertainty, to belong to the same universality class as that observed when using the standard one-spin-flip dynamics [7] .
In this article, we study the hysteresis behavior of the RFIM on a Bethe lattice with a 2-spin-flip dynamics at zero temperature. We consider a Gaussian distribution of the random fields. Our goal is to obtain an exact solution for the main hysteresis loop as a function of disorder strength, and to compare the results with those of the 1-spin-flip dynamics already derived [8, 9] . A question that was found intriguing in the latter case is the absence of out-of-equilibrium transition for a Bethe lattice with connectivity z = 3 [9] . A transition is found for z ≥ 4 and no transition occurs when z = 2 (the one-dimensional case). The fact that a qualitative change takes place for z > 3 and not, as found in equilibrium, for z > 2 is, to the least, unusual. It casts a doubt on the conjecture that the out-of-equilibrium and equilibrium critical points belong to the same universality class and are controlled by the same fixed point [4, 10, 11] . We thus focus on the Bethe lattice with connectivity z = 3 and we show that an outof-equilibrium transition does occur in this case with the 2-spin-flip dynamics.
The rest of the paper is organized as follows. In Section 2 we present the model and the dynamics, contrasting the 2-spin-flip dynamics with the standard 1-spin-flip one and reviewing the main properties of the 2-spin-flip dynamics. The next section is devoted to deriving the selfconsistent equations that allow to calculate the main hysteresis loop on a Bethe lattice. In Section 4, we consider the one-dimensional chain (z = 2) and in Section 5, the z = 3 case. In both cases, we compare with the results obtained with the 1-spin-flip dynamics as well as with the equilibrium (ground state) behavior. For the connectivity z = 3, we show that, in contrast with the 1-spin-flip dynamics, the 2-spin-flip dynamics leads to a disorderinduced, out-of-equilibrium transition. Finally, in the last sections, we discuss possible extensions of the approach to the calculation of other observables and to more general k-spin-flip dynamics, with an emphasis on the influence of the cooperativity of the (local) dynamics on the hysteresis properties, and we conclude.
Model and dynamics
We study the RFIM on a lattice of connectivity z, with Ising spin variables S i = ±1 ferromagnetically interacting with their neighbors and subject to both an intrinsic random field and an applied uniform field H. The Hamiltonian is given by
where the sum ij is over all distinct "bonds" of the lattice and the random fields h i on each site are independently drawn from a Gaussian probability distribution of zero mean and variance equal to σ, ρ(h) = exp(−h 2 /2σ 2 )/ √ 2πσ. We consider the limit of zero temperature and the evolution of the system as it is (adiabatically) driven by the external magnetic field H. At T = 0, metastability results from the absence of full equilibration and the presence of several distinct configurations in which the system can be trapped. It is customary to define such configurations as the local energy minima, namely the states that minimize the Hamiltonian in equation (1) (due to the presence of the applied magnetic field, the energy is actually a magnetic enthalpy, but in the following we shall keep a loose usage of the term "energy"), and to envisage the phenomenon within the topographic picture of a rugged energy landscape. For Ising spins, the energy levels are discretized and the topographic view requires some adjustments. A useful characterization of the minima consists in sorting them according to the number of spins that must be flipped to yield a lower-energy state. More precisely, one can define a k-stable minimum as a configuration whose energy cannot be decreased by flipping any subset of k, or less, spins [12] . The usual minima are then 1-stable configurations, which are stable with respect to the flip of any single spin in the system. The ground state of the system on the other hand corresponds to a configuration that is stable with respect to any arbitrary large number of (simultaneous) spin flips, i.e., to the limit k → ∞ [12, 13] .
For classical spins with no intrinsic dynamics, knowledge of the energy landscape is not enough if one does not provide a dynamical rule to explore the landscape. For the problem of interest here, most studies have considered the standard 1-spin-flip dynamics. Under such dynamics, the system evolves along irreversible paths among local energy minima which by construction are 1-stable for the relevant range of applied field H. At each site i, the spin S i aligns with the net local field f i , with
where the sum is over all connected neighbors of site i. A natural extension of this dynamics consists in allowing cooperative flips of pairs of spins. The system then jumps from one state to another (via an avalanche) whenever the former state becomes unstable to the flip of any single spin or to the simultaneous flip of any single pair of spins. Evolution now proceeds among 2-stable local minima. New features with respect to the 1-spin-flip dynamics are only introduced when the flipping pair is made up by two neighboring spins, and the local energy to be minimized is then
where
